In this paper we investigate the special subsequence of the Halton sequence indexed by nβ with β ∈ R and prove a metric almost lowdiscrepancy result.
Introduction
The discrepancy of the first N terms of any sequence (z n ) n≥0 of points in [0, 1) 
for a constant c s > 0 and for infinitely many N . Therefore sequences whose discrepancy satisfies D N ≤ C log s N/N for all N with a constant C > 0 that is independent of N (or D N = O(log s N/N )), are called low-discrepancy sequences. Well-known examples of low-discrepancy sequences are, for example, the s-dimensional Halton sequences and one-dimensional Kronecker sequences ({nα}) n≥0 with α irrational and having bounded continued fraction coefficients.
For an integer b ≥ 2, let Z b = {0, 1, . . . , b−1} denote the least residue system modulo b. Let n = ∞ j=1 a j (n)b j−1 with all a j (n) ∈ Z b and a j (n) = 0 for all sufficiently large j be the unique digit expansion of the integer n ≥ 0 in base b.
The radical-inverse function φ b in base b is defined by
The Halton sequence (y n ) n≥0 (in the bases b 1 , . . . , b s ) is given by
It is well known (see [7, Theorem 3.6] ) that the discrepancy of the Halton sequence in pairwise coprime bases b 1 , . . . , b s ≥ 2 satisfies a low-discrepancy bound, i.e.,
The one-dimensional Kronecker sequences (({nα})) n≥0 related to the real number α is uniformly distributed if α is irrational. This sequence is a lowdiscrepancy sequence if the continued fraction coefficients of α are bounded. Furthermore, the discrepancy D N satisfies N D N ≤ C(α, ) log 1+ N for all N and all > 0 for almost all α ∈ R in the sense of Lebesgue measure. Here the positive constant C(α, ) may depend on α and > 0 but is independent of N .
Subsequences of the one-dimensional Kronecker sequence and Halton sequences are frequently studied objects (see for instance [1] , [2] , [3] , [4] ). Here we mention a result of Hofer and Ramare [3] who studied the sequence ( nα β) n≥0 . It is known to be u.d. mod 1 when α is a nonzero rational real if and only if β is irrational. When α = 0 the sequence is for no real β u.d. mod 1. And when α is irrational the uniform distribution modulo one of ([nα]β) n≥0 is equivalent to the condition, 1, α, αβ being linearly independent over the rationals. (For a proof see [5, Chapter 5, Theorem 1.8].) In [3] many results on the discrepancy of this sequence were proved. Here we mention just one result, i.e., for almost all pairs of real numbers (α, β) in the sense of Lebesgue measure we have for
. In this paper we investigate the subsequence (x n ) n≥0 of the Halton sequence of this particular form
with nonzero β ∈ R and integers b 1 , . . . , b s ≥ 2 pairwise coprime. See Figure 1 for examples. In [2, Example 5.3] the uniform distribution of (2) was studied. A sufficient criterion for the one-dimensional sequence is, for example, the linear independence of 1, β over Q. This criterion is not a necessary one, as the choice β = 1/d with d ∈ N also yields a uniformly distributed sequence (2) (2) is even a low-discrepancy sequence (see [4] ).
In this paper we prove that the sequence (2) is for almost all β ∈ R an almost low-discrepancy sequence by the following theorem. Theorem 1. For almost all β ∈ R in the sense of Lebesgue measure the dis-crepancy of (x n ) n≥0 satisfies for all > 0
A proof of this theorem will be outsourced in the next section.
Proof of Theorem 1
We start with the case β ∈ (0, 1). We write α := 1/β. Note that α > 1. Then Theorem 1 immediately follows from the following three auxiliary results.
Proposition 1. The star-discrepancy of the first N points of the sequence (2) satisfies
where 
We can write J as a union of
The crucial step is to estimate A(I e , N ) − N λ s (I e ) for an elementary interval I e by exploiting special properties of the Halton sequence. Using the definition of the sequence we obtain for any integer n ≥ 0 that the following three assertions are equivalent.
with
where the R is uniquely determined by the a 1 , . . . , a s .
By observing the fact that
we easily obtain the equivalence of the above assertion to
Hence, 
with 0 < w i ≤ 1 for 1 ≤ i ≤ s can be approximated from below by an interval J of the form (4), by taking the nearest fraction to the left of w i of the form
with v i ∈ Z. We easily get The discrepancy of a one-dimensional Kronecker sequence ({nβ}) n≥0 can be related to the continued fraction expansion of β
This expansion is obtained by setting {β} = x 1 and defining inductively a k (β) = 1/x k and x k+1 = {1/x k }.
The denominators q k obey the following recursion Then for almost all α ∈ R we have for every > 0 S L (α) = O α, ,b1,...,bs,s (L s+1+ ).
Proof. See e.g. [6, Lemma 2].
Finally we consider β > 1 and set α := β/(β + 1). Then 1/2 < α < 1, nα = n − n 1 β+1 and hence { nα ; n ∈ N} = { nβ ; n ∈ N} ∪ N 0 . 
